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Abstract
We present a simple method which simplifies the evaluation of the on-shell mul-
tiple box diagrams reducing them to triangle type ones. For the L-loop diagram
one gets the expression in terms of Feynman parameters with 2L-fold integration.
As examples we consider the 2 and 3 loops cases, the numerical integration up to
six loops is also presented. The method is valid in six dimensions where neither UV
not IR divergences appear.
1 Introduction
The box-type diagrams being difficult for evaluation have attracted much attention in
recent years due to the appearance in multiloop calculations of amplitudes in SUSY
theories [1]. It was shown that in maximal SYM theories when calculating the amplitudes
of many-particle scattering the bubble and triangle diagrams cancel and only the boxes
survive [2]. At the same time, long ago the ladder diagrams in four dimensions were
calculated in an arbitrary order of PT, albeight off-shell [3, 4]. When going on-shell
they contain infrared divergences and the proper ε-expansion was constructed in 2 and 3
loops [5]. Since the form of the integrand of the four point amplitude in maximal SYM
theories is fixed by dual conformal invariance and essentially the same in any dimension,
the same boxes appear in the other dimensions [6]
Recently, we considered the amplitudes in the D=6 N=(1,1) SYM theory and encoun-
tered the same box diagrams but in six dimensions [7]. They are UV and IR convergent
and at lower orders may in principle be extracted from the known Mellin-Barnes rep-
resentations [8]. However, the remaining MB integrals are complicated starting from 2
loops.
Here we present the method which is applicable in six dimensions and allows us to
reproduce the known results and proceed to higher orders of PT in a straightforward way.
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2 Reduction of the box diagrams to triangles
Consider the L-loop ladder diagram shown in Fig.1 in the massless theory in six dimen-
sions. In the momentum space it depends on 4 external momenta and integration is taken
over all loop momenta, while in the coordinate space it depends on 4 external coordinates
and integration is taken over all internal vertices. These two expressions are related via
Figure 1: The ladder type diagram
the Fourier transform. One should have in mind that the propagator in the coordinate
space depends on the space-time dimension∫
dDp
eipx
p2
= ipiD/22D−2
Γ(D/2− 1)
Γ(1)
1
(x2)D/2−1
, (1)
and in six dimensions one has 1/(x2)2.
Now let us start from the coordinate space. One can notice that in all internal vertices
the sum of the indices of the lines (index of a line is the power in the propagator) is equal
to 6=2+2+2, i.e. the value of the space-time dimension. Such a vertex is called unique [9]
and obeys the famous uniqueness or star-triangle relation
2
22
1 1
1= i
3
, (2)
where in the coordinate space one integrates over the vertex and has no integration in
the r.h.s. Thus, all the vertices in Fig.1 are unique, and one can easily reduce the ladder
diagram to the sequence of triangles. The procedure consists of consequent use of eq.(2)
(see Fig.2).
The next step is to go to the momentum space. The diagram in the momentum space
has the same topology but the indices of the lines have to be replaced by the dual ones
(2 → 1, 1 → 2), and one has to integrate over the loops. Performing this procedure one
gets the diagram shown in Fig.3 (we omit the factors of i, pi and 2, they are canceled
eventually, and one is left with the obvious loop factors).
This is the diagram we are going to calculate. It looks as if it contains an additional
loop, however, as we will see, eventually one has L − 1 loops to evaluate. We will be
interested in the on-shell value. This means that all external momenta obey p2i = 0. This
simplifies the calculation and the diagram appears to be the function of two variables:
the usual Mandelstam s = (p1 + p2)
2 = (p3 + p4)
2 and t = (p1 + p4)
2 = (p2 + p3)
2.
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Figure 2: Reduction of boxes. The indices of the lines in the coordinate space are shown
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Figure 3: The resulting ladder diagram in the momentum space. The indices of the lines
in the momentum space are shown
3 The two-loop example
Before proceeding to the two loop case we present one simple observation. The triangles
that are situated at the edges of the diagram can be easily evaluated, and the result is
useful to present in the form∫ d6k
k21(p1 + k1)
2(k2 − k1)2 = i(−pi)
3
∫ 1
0
dx1
1
(p1x1 + k2)2
, for p21 = 0. (3)
This way the loops at the edges are simplified and one actually has the L − 1 loop
diagram. In the two loop case one gets the diagram shown in Fig.4. Thus, for the double
p1
p2 p3
p4 p1
p2 p3
p4
= =
2
p2−k2
p1x1+k2 1 1
p4(1−x4)+p1+k2
Figure 4: The resulting two loop diagram
box diagram one has
DBox(s, t) =
∫ 1
0
dx1dx4
∫ d6k2
(p1x1 + k2)2(p2 − k2)4(p4(1− x4) + p1 + k2)2 . (4)
3
This integral can be evaluated by introducing Feynman parameters, which gives
DBox(s, t) =
∫ 1
0
dx1dx2dx3dx4(1− x2)
s(x1(1− x3) + x2x3)(1− x2) + t(1− x4)x2x3(1− x3)(1− x1) . (5)
To deal with the integrals over Feynman parameters, it is useful to apply the Mellin-Barnes
transformation. We use twice the following relation:
1
(X + Y )λ
=
1
Γ(λ)
1
(2pii
∫ i∞
−i∞
dzΓ(λ+ z)Γ(−z) X
z
Y λ+z
, (6)
and then evaluate the parametric integrals. This gives
DBox(s, t) =
1
s
1
(2pii)2
∫ i∞
−i∞
dz1dz2
(
t
s
)z1
Γ(−z1)Γ(−z2)Γ(−1− z1 − z2)Γ2(1 + z1)
Γ(1− z1)Γ(1 + z1 + z2)Γ(z2). (7)
The integral over z2 can be evaluated by using the first Barnes lemma[8], and one finally
arrives at
DBox(s, t) =
1
s
1
2pii
∫ i∞
−i∞
dz1
(
t
s
)z1
Γ3(−z1)Γ3(1 + z1) 2z1
1 + z1
(ψ(1 + z1)− ψ(1)) . (8)
The remaining integral is reduced to the sum of residues at integer points and reproduces
the known answer [10, 7]. Notice that our way to arrive at (8) is much simpler than the
usual MB evaluation which requires 4-fold MB integration [8, 7].
4 The three-loops example for t=0
Consider now the three loop case. Since the answer is too complicated and contains
special functions, we constrain ourselves to the limit when t→ 0. It should be mentioned
that this limit exists and the ladder diagram in this limit behaves as
Boxn(s, t)→ 1
s
(
cn +O(
t
s
)
)
. (9)
In particular, from eq.(8) it follows that c2 = pi
2/3. Our aim here is to calculate c3. The
standard MB representation leads to 7-fold integration [8].
Following the procedure described above we have the following 2-loop integral:
TBox(s, t = 0) =
∫ 1
0
dx1dx6
∫ d6k2d6k3
(p1x1 + k2)2(p2 − k2)4(k3 − k2)2(p1 + k3)4(p2x6 − k3)2 .
(10)
Using Feynman parameters (2 for each loop) one can reduce eq.(10) to
TBox(s, t = 0) =
1
s
∫ 1
0
dx1 · · · dx6x2(1− x3)(1− x4)
Poly3
, (11)
4
where
Poly3 = x1x2x3(1− x3)x5 + (x1x3x4x5 + 1− x4)[x6(1− x5) + x5(1− x3)](1− x2). (12)
Now one can use the multiple MB transformation to get
TBox = −1
s
1
(2pii)3
∫ i∞
−i∞
dz1dz2dz3
Γ2(−z1)(1 + z1)
Γ(2− z1) Γ(1 + z1 + z2)Γ(1 + z1 + z3)
Γ2(−z2)Γ(−z3)Γ(2 + z2)Γ(1 + z3)Γ(1− z3)Γ(1− z1 − z2 − z3)
z2(1 + z3)Γ(1− z2 − z3) . (13)
The integral over z3 can be evaluated by using the first Barnes lemma, and one gets (we
change the sign of z)
TBox = −1
s
1
(2pii)2
∫ i∞
−i∞
dz1dz2
(1− z1)(1− z2)
z1z2
Γ(−1− z1)Γ(z1)Γ(−1− z2)Γ(z2)
Γ(1 + z1 + z2)Γ(−z1 − z2) [ψ(2)− ψ(2− z1) + ψ(z1 + z2)− ψ(z2)] . (14)
The remaining 2-fold integral is more complicated but again can be taken by using Barnes
lemmas. For this purpose we used the dedicated computer code [11, 12] reducing the
integral to the standard form. The result of the integration is
TBox = −1
s
1
2pii
∫ i∞
−i∞
dz1
1/(6z51(−1 + z21))pi2 csc2(piz1)(−6 + z1(24γ2Ez1(−1 + z21)− 24γE(1 + (−1 + z1)z21)
+z1(6(−2 + z1)z1 − 7pi2(−1 + z21))) + 12piz1((−1− 2γEz1 + z31) cot(piz1)
+piz1(−1 + z21) csc2(piz1)) + 6z1(4(−1− 2γEz1 + z31
+piz1(−1 + z1))ψ(z1) + 4z21)ψ2(z1) + (z1 − z31)ψ′(−1 + z1)). (15)
The final integration is performed by taking the residues at integer points and summing
up the obtained series. The latter can be done using the set of formulas from [8]. The
result for the desired coefficient is
c3 = −pi2 + 31pi
6
1890
− 8ζ(3) + 4ζ2(3). (16)
This is a bit disappointing answer since after c1 = pi
2/2 and c2 = pi
2/3 one might expect
a simple sequence at every loop. With eq.(16) this hope disappears and one is left with
numerical answers.
5 Numerical integration in higher loops
Numerical values for the coefficients cn from (9) are summarized in Table 1. We complete
this table by numerically evaluating the 4-, 5- and 6-loop box diagrams.
5
Loop 1 2 3 4 5 6
Value pi2/2 pi2/3 −pi2 + 31pi6/1890− 8ζ(3) + 4ζ2(3)
Numerics 4.93 3.29 2.06 2.05 2.42 3.13
Table 1: The values of the coefficients cn
To get numerical answers, we use the same procedure as above but stop at the level
of Feynman parametrization without performing the MB transformation. Then in the
L-loop order one has 2L parametric integrals from 0 to 1. One starts from the left and
carries out the 6-dimensional integration introducing 2 Feynman parameters for each loop.
The triangles on the left and right edges are taken using eq.(3). Each integration gives
the integrand of a typical form
1
k2i + kiqi +m
2
i
,
where ki is the momentum of the next integration, qi is some external momentum and m
2
i
is s times some Feynman parameters. Thus, one has the triangle type integral again and
can continue the same way.
We present below the resulting integrals for the 4-, 5- and 6-loop box diagrams. They
all have the same form
cL =
∫ 1
0
dx1 · · · dx2Lx2(1− x3) · · · x2L−2(1− x2L−1)
PolyL
, (17)
where the polynomials at the 4-, 5-, and 6-loop order are
Poly4 = x1x2(1− x3)x3x5x7 + (1− x2)(1− x3)x4x5(1− x5 + x1x3x5)x7
+ (1− x2)(1− x4)(1− x7 + (1− x3)x5x7)((1− x5 + x1x3x5)x6x7
+(1− x6)x8), (18)
Poly5 = x1x2(1− x3)x3x5x7x9 + (1− x2)(1− x3)x4x5(1− x5 + x1x3x5)x7x9
+ (1− x2)(1− x4)(1− x5 + x1x3x5)x6x7(1− x7 + (1− x3)x5x7)x9
+ (1− x2)(1− x4)(1− x6)(1− x9 + (1− x5 + x1x3x5)x7x9)(x10(1− x8)
+ (1− x7 + (1− x3)x5x7)x8x9), (19)
Poly6 = x1x2(1− x3)x3x5x7x9x11 + (1− x2)(1− x3)x4x5(1− x5 + x1x3x5)x7x9x11
+ (1− x2)(1− x4)(1− x5 + x1x3x5)x6x7(1− x7 + (1− x3)x5x7)x9x11
+ (1− x2)(1− x4)(1− x6)(1− x7 + (1− x3)x5x7)x8(1− x9)x9x11
+ (1− x2)(1− x4)(1− x5 + x1x3x5)(1− x6)x7(1− x7 + (1− x3)x5x7)x8x29x11
+ (1− x2)(1− x4)(1− x6)(1− x8)(1− x11 + x11(1− x7 + (1− x3)x5x7)x9)
((1− x10)x12x10x11(1− x9 + (1− x5 + x1x3x5)x7x9)). (20)
Numerical evaluation of these integrals can be performed in the standard Mathematica or
in more sophisticated codes using sector decomposition strategy [13, 14] or FIESTA [15].
6
The results are
c4 ≈ 2.0520± 0.0001, c5 ≈ 2.4257± 0.0008, c6 ≈ 3.130± 0.005. (21)
If needed this can be continued in higher loops.
6 Conclusion
One can see that reduction of boxes to triangles is very efficient and enables one to calcu-
late the higher order L-loop diagrams with the price of the 2L-fold parametric integration
which can be easily carried out numerically. Unfortunately, the method is linked to six
dimensions since only in this case one has unique vertices and can use the power of the
star-triangle relation.
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